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In a previous paper [I] a class of sets of multiplicity for the Walsh system 
was constructed using infinite products. However, it is only shown that the 
2?h partial sums of the associated series converge to 0 a.e. (in fact, the full 
sequence of partial sums does not). The purposes of the present note are to 
correct this and to construct a class of Walsh series for which the nth partial 
sums converge to 0 almost everywhere in [0, l[. The procedure is similar to 
that given in [5, Chap. V, Sect. 71 and uses the Walsh analogue of Riesz 
products. The proof differs from that presented in [4] in that it is not necessary 
to show that the series is the Walsh Fourier-Stieltjes series of a function of 
boundedvariation. Instead, wemake use of a theorem on martingaledifferences 
due to R. F. Gundy. 
It is known that the sequence of 2”th partial sums of a Walsh series forms a 
martingale. If S(x) = Cz=, COW,, then S(x) may be written as a general- 
ized Rademacher series 
The nth partial sums T,(x) of the generalized Rademacher series are precisely 
the 2”th partial sums of S(x). 
LEMMA (see [3]). For a generaEked Rademacher series I,“=, a,(x) Y,(X), the 
sets 
I 
cc 
x: c a,,“(x) < 00 
k=O 1 
and {x: lim T,(x) exists and is$nite} 
da@ by at most a set of measure zero. Further, at almost all points of 
{x: Cr=‘=, uk2(x) = co} we have 
iiiii T,(x) = 00 and lim T,(x) = -co. 
THEOREM. There exist Walsh M-sets of measure zero. 
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Proof. Let P(X) = nc==, (1 + slur,,), where oiii - 0 and 2 oika z z. 
We also suppose that [ 01~ 1 < Q and elk # 0 for each k. Set c,, ~2 1 and 
C n = %,11%112 . . %I* , where 112 = 2”i + ..’ + 2”~ with m, > ... :> m, > 0, 
and let S(X) := Cz=, c,,w,,(x). I f  Pn(x) = fliii (1 + QY~(x)), then P,(x) is 
the 2*th partial sum of S(X), and therefore l& S,,(X) 3 0 for every x. It 
follows that C ak2(x) < CC for almost all x, and hence, lim S&x) exists and 
is finite a.e. 
Let F == {x: lim R,(x) = co, lim R,(x) = -co}, where R,(x) is the nth 
partial sum of the Rademacher series EL==, tibrlc(~). By the lemma (with uk(x) 
equal to aIc for each A), F has measure 1. Since S&x) =: Z’%(x) < exp R,(x), 
it follows that lim Sati := 0 for each x in F, and hence we conclude that 
S,,(x) - 0 a.e. 
The proof is concluded essentially as in the case of classical Riesz products 
(see [5, Vol. I, p. 2101; [4]). Let x be any point such that A&(X) + 0, and let M 
be a bound for (5&(x)}. Fix n and choose A 3 2M so that (I) 1 S,(x)1 < A 
(1 < 12 ,< 2%). For 2” < k < 2”+l, we may write 
By using (I), we therefore obtain(I1) / S,(x)1 < / P,(zc)I + A / 01, 1 , which in 
turn implies that inequality (I) holds for 2% < k < 2n+1. By proceeding in 
this fashion, we show that (I) and hence (II) are valid for every II and every k 
(2% < k < 2n+1). It follows that S,( x - 0. Finally, if E denotes the comple- ) 
ment of the set of points where S(X) converges to 0, then E is evidently a set 
of multiplicity for Walsh series of zero measure. 
COROLLARY. Let E be the M-set constructed in the theorem. Then E is dense 
in [0, l[. 
Proof. Let S(X) be the series associated with E. I f  (ak} is not eventually 
negative, choose x,, so that ~~(2s) = elk/j 0~~~ 1 for each k. If  elk < 0 eventually, 
let (Kj) be such that ( akj ( < 2-j for each j; choose x,, so that r&J = - 1 for 
k # kj and rk.(x,,) = 1 for each j. In either case we have S,,(X,,) -+ co. Since 
changing a fikte number of the coordinates in the dyadic expansion of x,, 
affects only finitely many Rademacher functions, it follows that S,,,(X) + co 
for all x obtained in this manner. The set of such x is evidently dense in [0, I[ 
and is a subset of E. 
REFERENCES 
1. J. E. COURY, A class of Walsh M-sets of measure zero, J. Math Anal. Appl. 
31(1970), 318-320. 
WALSH M-SETS OF ME.~SURE ZERO 671 
2. R. F. GUNDY, Martingale theory and pointwise convergence of certain orthogonal 
series, Trans. Amer. math. Sot. 124 (1966), 228-248. 
3. R. F. GUNDY, On a class of martingale series, in “Orthogonal Expansions and Their 
Continuous Analogues,” (D. H . almo, Ed.), Southern Illinois University Press, 
Carbondale, Illinois, 1968. 
4. A. A. SNEIDER, On the uniqueness of expansions in Walsh functions (Russian), 
Mat. Sb. 24 (1949), 279-300. 
5. A. ZYGMUND, “Trigonometric Series,” 2nd ed. (2 vols.), Cambridge University 
Press, Cambridge, England, 1968. 
